
Physics 351, Spring 2018, Homework #9.
Due at start of class, Friday, March 30, 2018

Please write your name on the LAST PAGE of your homework submission,
so that we don’t notice whose paper we’re grading until we get to the very
end.

When you finish this homework, remember to tell me how the homework went for you,
by visiting the feedback page at

positron.hep.upenn.edu/q351

1. [Here’s a problem from a midterm exam 4 or 5 years ago.] A plank of length L and
mass m lies on a frictionless plane. A ball of mass m and speed v0 strikes the end of
the plank, as shown in the figure below. The collision is elastic. Immediately after the
collision, the ball is moving along the line of its original motion. (a) Determine the
three equations that relate to conserved quantities of the motion. (b) What is vf , the
final velocity of the ball? (If you find two solutions, explain why one of them should
be discarded.)

2. (a) Find all nine elements of the inertia tensor w.r.t. the CM of a uniform cuboid
(a rectangular brick shape) whose sides are 2a, 2b, and 2c in the x, y, z directions, and
whose mass is M . Explain clearly why you could write down the off-diagonal elements
without doing any integration. (b) Combine the result of part (a) and the result given
in problem XC6 below (you don’t have to solve XC6) to find the inertia tensor of the
same cuboid w.r.t. the corner A at (a, b, c). (c) What is the angular momentum about
A if the cuboid is spinning with angular velocity ω around the edge through A and
parallel to the x axis?

3. (“The Lollipop.”) A puck (uniform solid disk) of mass m and radius R slides across
a frictionless surface, as shown in the figure below. The puck has translational velocity
v0 (pointing to the right) and is rotating with angular velocity ω (clockwise, i.e. ω
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points into the page). The puck just grazes the top of a rod of mass m and length 2R
that is initially at rest. The puck sticks to the rod (totally inelastic collision), forming
a rigid body that looks like a lollipop that after the collision moves onward with center-
of-mass velocity V and angular velocity Ω. (a) If the puck’s initial translational velocity
and its initial rotational velocity are related by v0 = ωR, what is the resulting angular
speed Ω of the lollipop? (b) How much energy is lost (dissipated) in the collision?
[If you know how, feel free to use Mathematica to handle the tedious algebra in this
problem — or any problem, for that matter.]

4. A frictionless hoop of radius R is made to rotate at constant angular speed ω around
a diameter. A bead on the hoop starts on this diameter (i.e. where the diameter meets
the hoop) and is then given a tiny kick. Let N be the total force that the hoop exerts
on the bead, and let N⊥ be the component of N that is perpendicular to the plane
of the hoop. Where is N⊥ maximum? What is the magnitude of N as a function of
position? (Ignore gravity in this problem.) Helpful trick to know: you may get an
equation like θ̈ = ω2 sin θ cos θ, which you can integrate (dt) by first multiplying both
sides by θ̇. ∫ t

0

θ̈θ̇ dt =

∫ t

0

ω2 sin θ cos θ θ̇ dt = ω2

∫ θ

0

sin θ cos θ dθ

5. A rigid body consists of three equal masses fastened at the positions (a, 0, 0),
(0, a, 2a), (0, 2a, a). (a) Find the inertia tensor I. (b) Find the principal moments
and a set of orthogonal principal axes. (If you don’t feel like doing it by hand, just
use Wolfram Alpha, or Mathematica, etc.) (c) For this inertia tensor, is the choice
of principal axes unique? Why or why not? If not, what linear combinations of your
previously found principal axes would also be principal axes?

6. A coin stands upright at an arbitrary point on a rotating turntable (constant Ω),
and spins (without slipping) at the required angular speed to make the coin’s center
remain motionless in the lab frame. (Therefore what is the magnitude of the frictional
force acting on the coin?) In the frame of the turntable, the coin rolls around in a circle
with the same frequency as that of the turntable (in what direction?). Now analyze
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the forces and torques acting on the coin from the perspective of a camera mounted on
the turntable. Working in the frame of the turntable (thus accounting for pseudoforces
(and maybe also “pseudotorques?”) in

∑
F and

∑
τ ), show that

(a)
∑
F = dp/dt, and

(b)
∑
τ = dL/dt (Hint: Coriolis (!) — see results quoted in problems XC3 and XC4.

You can use the quoted results without solving those XC problems.)
This is mainly a conceptual question, where you need to think carefully. Each part
requires some calculation, but the calculations are not lengthy.

7. (Accelerating reference frames.) A truck is at rest with its rear door fully open.
The truck then accelerates with constant acceleration A, and the door swings shut.
The door is uniform and solid, with mass M , “height” h (really the door’s width),
and “width” w (the door’s thickness), as shown in the left figure below (which is a
top view). Ignore air resistance and friction. (a) Find the instantaneous angular
velocity of the door about its hinges when the door has swung through 90◦. (b) Find
the horizontal (i.e. the component parallel to A) force on the door when the door has
swung through 90◦. (Find the real force acting on the door, not counting the inertial
pseudoforce.) [It is best to work this problem in the (accelerating) frame of the truck.
The inertial force −MA can be thought of as acting on the CM of the door. When
I solved this problem, I used the integration trick from problem 4. But one student
showed me a very clever alternative: rotate the picture such that you can treat the
inertial pseudoforce as if it were a uniform gravitational field, then use conservation of
energy in analogy to U = mgy from first-year physics.]

8. (a) A rigid body is rotating freely, subject to zero torque. Use Euler’s equations
(Eq. 10.88) to prove that the magnitude of the angular momentum L is constant.
(Multiply the ith equation by Li = λiωi and add the three equations.) (b) In much
the same way, show that the kinetic energy of rotation Trot = 1

2
(λ1ω

2
1 + λ2ω

2
2 + λ3ω

2
3),

as in (Eq. 10.68), is constant.

Remember online feedback at positron.hep.upenn.edu/q351
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XC00. Optional/extra-credit. If there are extra-credit problems from earlier as-
signments that you didn’t have time to do sooner, you can feel free to turn them in
with HW09 for full credit. Just clearly indicate which problem you’re solving.

XC1. Optional/extra-credit. Find the inertia tensor for a uniform, thin hollow
cone, such as an ice-cream cone, of mass M , height h, and base radius R, spinning
about its pointed end.

XC2. Optional/extra-credit. (a) A triangular prism (like a box of Toblerone) of
mass M , whose two ends are equilateral triangles parallel to the xy plane with side
2a, is centred on the origin with its axis along the z axis. Find its moment of inertia
for rotation about the z axis. Without doing any integrals, write down and explain
its two products of inertia for rotation about the z axis. (b) Find the inertia tensor I
for the triangular prism of part (a), with height h. (You’ve already done about half
the work in part (a).) Your result should show that I has the form we’ve found for
an axisymmetric body. This suggests what is true, that three-fold symmetry about an
axis (symmetry under rotations of 120◦) is enough to ensure this form.

XC3. Optional/extra-credit. The Coriolis force can produce a torque on a spinning
object. To illustrate this, consider a horizontal hoop of mass m and radius r spinning
with angular velocity ω about its vertical axis at colatitude θ. Show that the Coriolis
force due to the earth’s rotation produces a torque of magnitude mωΩr2 sin θ directed
to the west, where Ω is the earth’s angular velocity. This torque is the basis of the
gyrocompass.

XC4. Optional/extra-credit. The Compton generator is a beautiful demonstra-
tion of the Coriolis force due to the earth’s rotation, invented by the American physicist
A.H. Compton (1892-1962, best known as author of the Compton effect) while he was
still an undergraduate. A narrow glass tube in the shape of a torus or ring (radius R of
the ring � radius of the tube) is filled with water, plus some dust particles to let one
see any motion of the water. The ring and water are initially stationary and horizontal,
but the ring is then spun through 180◦ about its east-west diameter. Explain why this
should cause the water to move around the tube. Show that the speed of the water
just after the 180◦ turn should be 2ΩR cos θ, where Ω is the earth’s angular velocity,
and θ is the colatitude of the experiment. What would this speed be if R ≈ 1 m and
θ = 40◦? Compton measured this speed with a microscope and got agreement within
3%.

XC5. Optional/extra-credit. At a point P on the earth’s surface, an enormous
perfectly flat and frictionless platform is built. The platform is exactly horizontal —
that is, perpendicular to point P ’s local free-fall acceleration gP . Find the EOM for a
puck sliding on the platform and show that it has the same form as (Eq. 9.61) for the
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Foucault pendulum

ẍ = −gx/L + 2ẏΩ cos θ

ÿ = −gy/L − 2ẋΩ cos θ

except that the pendulum’s length L is replaced by the earth’s radius R. What is
the frequency of the puck’s oscillations and what is that of its Foucault precession?
[Hints: Write the puck’s position vector, relative to the earth’s center O, as R + r,
where R is the position of the point P and r = (x, y, 0) is the puck’s position relative
to P . The contribution to the centrifugal force involving R can be absorbed into
gP , and the contribution involving r is negligible. The restoring force comes from
the variation of g as the puck moves.] To check the validity of your approximations,
compare the approximate size of the gravitational restoring force, the Coriolis force,
and the neglected term m(Ω × r) × Ω in the centrifugal force.

XC6. Optional/extra-credit. (a) If Icm denotes the moment-of-inertia tensor of
a rigid body (mass M) about its CM, and I the corresponding tensor about a point
P displaced from the CM by ∆ = (ξ, η, ζ), prove that Ixx = Icmxx + M (η2 + ζ2),
that Iyz = Icmyz −Mηζ, and so forth. (Prove these first two statements, then simply
write down the “and so forth” results by cyclic permutation.) These results, which
generalize the familiar parallel-axis theorem, mean that once you know the
inertia tensor about the CM, it is easily calculated for any other origin.
(b) Use your results to confirm the results of Example 10.2 (page 381). In other words,
given that Ixx = Iyy = Izz = Ma2/6 (and all off-diagonal elements zero) for a cube
about its center (with edges parallel to the xyz axes), use your results to confirm that
for the same cube about its corner (with edges still parallel to the xyz axes), the inertia
tensor has diagonal elements 2

3
Ma2 and off-diagonal elements −Ma2/4.

Remember online feedback at positron.hep.upenn.edu/q351
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