Physics 351 — Friday, February 9, 2018

» Turn in HW3. Pick up HW4 handout. Read ch8 (Kepler
problem) this weekend, and answer online questions. When
reading ch8, focus on the big picture, not the many details.

» If you catch me starting to write on unreadable parts of the
board, please yell out to correct me immediately!

The figure shows a simple pendulum (mass m,
length {) whose point of support P is attached to the
edge of a wheel (center O, radius R) that is forced to
rotate at a fixed angular velocity w. At ¢ = 0, the
point P is level with O on the right. Write down the
Lagrangian and find the EOM for the angle ¢. [Hint:
Be careful writing down T', the K.E. A safe way to get
the velocity right is to write down the position of the
bob at time ¢, and then differentiate.] Check that your
answer makes sense in the special case w = 0.
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Next slide shows how to use Mathematica to eliminate the
drudgery of calculating T.



ClearAll["Global «"];

x[t ] t= RCos[wt] + LSin[¢[t]];
y[t ] := RSin[wt] - LCos[o[t]];
x'"[t]1*2 + y'[t]n2

(-RwSin[tw] + LCos[¢[t]] ¢’ [t]) %+
(RwCos[t ]+1.S'|n[qb[t]]qtﬁ’[t])2

FullSimplify[%]
RZw2+1¢'[t) (-2RwSin[tw-¢[t]] + Lo [t])



Here's a chance for us to practice making approximations:

A spring with spring constant k and relaxed length zero lies along a
spoke of a massless wheel of radius R. One end of the spring is
attached to the center, and the other end is attached to a mass m
that is free to slide along the spoke. When the system is in its
equilibrium position with the spring hanging vertically, how far (in
terms of R) should the mass hang down (you are free to adjust k)
so that for small oscillations, the frequency of the spring
oscillations equals the frequency of the rocking motion of the
wheel? Assume that the wheel rolls without slipping. (Once you
let r = rg + €, you should find that ro = mg/k = R/2.)

We'll try using Mathematica to reduce the drudgery. Theorists
who make higher-order calculations to be compared with precise
experimental measurements don’t just work with pencil and paper.

You don't routinely do long division by hand: you learn how to do
it, then practice until you can do it reliably, then switch to letting a
machine do it for you!



ClearAll["Global «"];

xcenter[t ] = Ro[L];

ym[t_ ] := -r[t] Cos[o[L]];

xm[t ] := xcenter[t] - r[t] Sin[¢[t]]}
U=mgym[t] + (1/2) kr[t]"2;

T (1/2)m(xm'[t]*2 + ym'[t]*2);
L=T-U;

FullSimplify[L]

gmCos[op[t)] r(t] - S kr[t)?+
%m (r’[t]z—zRS'Tn[qb[t]] r'it] ¢’ [t] +

(R*-2RCos[o[t]] rit] +r[t]?) ¢ [t]?)



A spring with spring constant k and relaxed length zero lies along a
spoke of a massless wheel of radius R. One end of the spring is
attached to the center, and the other end is attached to a mass m
that is free to slide along the spoke. When the system is in its
equilibrium position with the spring hanging vertically, how far (in
terms of R) should the mass hang down (you are free to adjust k)
so that for small oscillations, the frequency of the spring
oscillations equals the frequency of the rocking motion of the
wheel? Assume that the wheel rolls without slipping. (Once you
let r = 7o + €, you should find that 7o = mg/k = R/2.)

One easy mistake is forgetting to write 7[t] instead of just r.

1 1 : 1 .
L = mgr cos p— 5]{7'2—&— im(f'Q—QRf'd) sin (Z>)+§m¢2 (R*412—2Rr cos ¢)



eoml = D[L, ¢[t]] = D[D[L, ¢'[t]], t];
FullSimplify[eoml]

m(grit] Sin[#[t]]-2RCos[¢[t]] r'[t] ¢'[t] +2r[t] r'[t] ¢'[t] +
Rr[t] Sin[é[t]] ¢ [t]?-RSin[¢[t]] r [t] +
(R*-2RCos[é[t]] rit] +r[t]?) ¢"[t]) =

eom2 = D[L, r[t]] = D[D[L, r'[t]], t];
FullSimplify[eom2]

krit] +mr’[t] =m (gCos[o¢[t]] +r(t] ¢'[t]?+RSin[o[t]] ¢"[t])

grsin ¢ — 2Ri¢ cos ¢ + 2rip + Rr¢? sin ¢ — Ritsin ¢+
(R? — 2Rrcos ¢ +12)¢p =0

P4+ —1r=gcos¢+ 1’ + rosing
m
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I HW3 XC7 is the “three
sticks” generalization of this
¥ problem. Let's try the “two
m sticks” version.

Two massless sticks of length 27, each with a mass m fixed at its
middle, are hinged at an end. One stands on top of the other. The
bottom end of the lower stick is hinged on the ground. They are
held such that the lower stick is vertical, and the upper one is
tilted at a small angle € w.r.t. vertical. They are then released. At
the instant after release, what are the angular accelerations of the
two sticks? Work in the approximation where ¢ < 1.
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Now plug in, at t = 0, given conditigns 01 =0, 03 = ¢, and find

initial angular accelerations 61 and 6,.






Math 114 problem: find the point (z,y) that minimizes

Uz,y) = mgy/a? +y?

subject to the constraint y —x = 1.
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Let f(z,y) =y —2 — 1. Then 2
minimize the modified function
V(z,y) =U(z,y) + Af(z,y)
w.r.t. variables z, y, and A. !
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‘ ‘ ‘ >

The added variable A is called a Lagran-ge ml;ItipIier.
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Let f(xz,y) =y —x — 1. Then pik”

minimize the modified function

V(z,y) =U(z,y) + Af(z,y)

w.r.t. variables z, y, and \.

interpretation: notice VU x Vf
— the two gradients are parallel, . &

or antiparallel
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(Taylor 7.51) Write down L for a
pendulum in rectangular
coordinates = and ¥, subject to

0=f(z,y)=Va?+y> L

Write down the modified Lagrange equations.

Comparing with F' = md, show that X is (minus) the tension in
the rod.

Show that \df/0x is the component of Fr in the x direction and
that A0 f /0y is the component of Fr in the y direction.
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What if instead we had written f(x,y) = 22+ 4% — 2 =07 Try it!

You should find that X itself no longer equals (in magnitude) the
tension, but that it is still true that AJf/Jdx = Fr, and that
NOf )0y = Fr,.
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(Taylor 7.52) Lagrange multipliers also work with non-Cartesian
coordinates. A mass m hangs from a string, the other end of
which is wound several times around a wheel (radius R, moment of
inertia ) mounted on a frictionless horizontal axle. Let x be
distance fallen by m, and let ¢ be angle wheel has turned.

Write modified Lagrange equations. Solve for &, for ¢, and for .
Use Newton's 2nd law to check & and ¢.
Show that AOf/0x = Fr .

What is your interpretation of the quantity AJf/d¢ ?
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Physics 351 — Friday, February 9, 2018

» Turn in HW3. Pick up HW4 handout.

» Read Chapter 8 (two-body central-force problems) for
Monday. Chapter 8 derives a huge number of detailed results
about Kepler orbits, only a few of which are worth
remembering. Focus instead on the big ideas, the neat
application of Lagrangian mechanics, the conserved
quantities, the impressive step-by-step reduction of a
6-coordinate problem to a 1-coordinate problem.

» Here's a comment from a spring 2015 student:

» | found the presence of many different equations for the many
different features of orbits to be slightly overwhelming. This
section feels a little like the air-resistance section, where there
were many formulas describing many behaviors.”

» For air resistance, detailed results were not so important, but
qualitative results, separation of variables, etc. were useful.



