
Physics 351 — Friday, April 13, 2018

I Turn in HW11 either today or Monday.

I Pick up handout for HW12, due either Friday 4/20 or Monday
4/23, as you prefer.

I Bill will be in DRL 3W2 Sunday (4/15) 2–5pm.

I Read Ch12 (nonlinear mechanics and chaos) for Monday.
Warning: it’s a long read!

I Our topic for the rest of the semester (starting today) is
Hamiltonian mechanics, but you’ll read a few supplementary
things for enrichment.



Let’s try out Taylor’s “procedure” for Hamilton’s equations.



Taylor 13.3. Consider the Atwood machine of
Figure 13.2, but suppose that the pulley is a
uniform disc of mass M and radius R. Using x
as your generalized coordinate, write down L,
the generalized momentum p, and
H = pẋ− L. Write Hamilton’s equations and
use them to find ẍ.





By the way, if you take the three original
Cartesian coordinates to be x, y, and φ, then
the one generalized coordinate is q = x.

x = q

y = const.− q

φ = q/R

All of these are time-independent and don’t
involve the velocities, so the generalized
coordinate q is “natural” (or “scleronomous”
in Goldstein’s language). Goldstein’s word for
“unnatural” is “rheonomous.”

So we found
H = T + U



Taylor 13.11. The simple form H = T + U is true only if your
generalized coordinates are “natural” (relation between generalized
and underlying Cartesian coordinates is independent of time). If
the generalized coordinates are not “natural,” you must use

H =
∑

pq̇ − L

To illustrate: Two children play catch inside a railroad car moving
with varying speed V along a straight horizontal track. For
generalized coordinates you can use (x, y, z) of the ball relative to
a fixed point in the car, but in setting up H you must use
coordinates in an inertial frame. Find H for the ball and show that
it is not equal to T + U (neither as measured in the car, nor as
measured in the ground-based frame).

Taylor wrote way back on p. 270 (Eq. 7.91) that H = T + U if

rα = rα(q1, · · · , qn)

(i.e. there is no “t” and no q̇i when writing rα in terms of the qi’s.)





Taylor 13.12. Same as previous problem but use this system:

A bead of mass m is threaded on a frictionless, straight rod, which
lies in a horizontal plane and is forced to spin with constant
angular velocity ω about a vertical axis through the midpoint of
the rod. Find H for the bead and show that H 6= T + U .

(I suggest this generalized coordinate q.)





Morin 15.28. Two beads of mass m are connected by a spring
(with spring constant k and relaxed length `) and are free to move
along a frictionless horizontal wire. Let their positions be x1 and
x2. Find H in terms of x1 and x2 and their conjugate momenta,
then write down the four Hamilton’s equations.





Morin 15.8. Two beads of mass m are connected by a spring (with
spring constant k and relaxed length `) and are free to move along
a frictionless horizontal wire. Let the position of the left bead be
x, and let z be the stretch of the spring (w.r.t. equilibrium). Find
H in terms of x and z and their conjugate momenta, then write
down the four Hamilton’s equations.





What do you expect the general solution to the motion to look
like? (It’s similar to HW problem 2, the pendulum mounted on a
frictionless horizontal rail.)





Taylor 13.13. Consider a particle of mass m constrained to move
on a frictionless cylinder or radius R, given by the equation ρ = R
in (ρ, φ, z) coords. The mass is subject to force F = −krr̂, where
k is a positive constant, r is distance from the origin, and r̂ points
away from the origin. Using z and φ as generalized coordinates,
find H, write down Hamilton’s equations, and describe the motion.





Here’s a familiar problem from HW5. Let’s work through it it using
Hamilton’s equations instead.









The last problem illustrates one of the very few cases in which the
Hamiltonian approach has any practical advantage over the
Lagrangian approach for solving a simple problem. In this case,
since L was independent of φ, H was reduced to that of a 1D
problem. Instead of first writing the EOM for ρ and then
eliminating φ̇ in favor of pφ, this elimination happened at the stage
of writing down H. That makes it impossible for us to make the
frequent mistake of forgetting to eliminate φ̇ from the ρ EOM
before solving for the frequency of small oscillations w.r.t. the
circular orbit ρ = r0.

Another stated advantage of the Hamiltonian formalism is the
ability to perform “Canonical transformations” to new variables Q
and P that still obey Hamilton’s equations. Let’s work through
Taylor’s two examples of that. (Next time.)
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